We discuss two different integration methods for radar-based quantitative precipitation estimation (QPE): the echo intensity integral and the rain intensity integral. Theoretical analyses and simulations were used to test differences between these two methods. Cumulative rainfall calculated by the echo intensity integral is usually greater than that from rain intensity integral. The difference of calculated precipitation using these two methods is generally smaller for stable precipitation systems and larger for unstable precipitation systems. If the echo intensity signal is sinusoidal, the discrepancy between the two methods is most significant. For stratiform and convective precipitation, the normalized error ranges from −0.138 to −0.15 and from −0.11 to −0.122, respectively. If the echo intensity signal is linear, the normalized error ranges from 0 to −0.13 and from 0 to −0.11, respectively. If the echo intensity signal is exponential, the normalized error ranges from 0 to −0.35 and from 0 to −0.30, respectively. When both the integration scheme and real radar data were used to estimate cumulative precipitation for one day, their spatial distributions were similar.
Introduction
Weather radar is an effective tool for precipitation estimation and it can provide useful regional flood forecasts. In many studies, weather radar has been used for quantitative precipitation estimates [1] [2] [3] and also to develop monitoring techniques [4] [5] [6] [7] and integrated applications of multiple estimation methods that are combined with rain gauge data [8, 9] .
Radar was first used for quantitative precipitation estimation in the late 1940s. Mershall et al. [10] introduced a formula for calculating rainfall intensity ( ) from the radar reflectivity factor ( ) termed the -model. Byers and Braham [11] found a strong correlation between the volume of a convective storm and the amount of precipitation. For the radar echo beyond a threshold, the average rainfall intensity is closely related to the radar echo. Several methods for estimating precipitation were introduced later, including the Brandes objective analysis method [12] , regional calibration method [13] , the Vertical Profiles of Reflectivity (VPR) method [14] , and the Mean Vertical Profiles of Reflectivity (MVPR) method [15] .
Precipitation estimation has been improved using new methods such as a combination of satellite-based precipitation products [16] [17] [18] [19] , merging radar and satellite precipitation [20] , machine learning [18, 21] , the fusion of multiple radar-based precipitation products method [22] , probabilistic quantitative precipitation estimation (PQPE) [23, 24] , and the Climatological Vertical Profiles of Reflectivity Identification and Enhancement (CVPR-IE) method [25] . On the basis of Meteosat Second Generation (MSG) and Tropical Rainfall Measuring Mission (TRMM) data, Ouallouche and Ameur [18] used an artificial neural network (ANN) for modelling and presented a new method to delineate rain areas in Algeria. Their approach worked well and overcame the shortcomings of the scattering index (SI) method. Lee et al. [20] 2 Advances in Meteorology proposed a method based on the optimal weights needed to fill the radar gap using surrounding radar estimated precipitation and observations from the COMS satellite. This method was tested for major precipitation events during the summer of 2011 with assumed radar gap areas. The results suggested that successful merging appears to be closely related to the quality of the satellite precipitation estimates. Rafieeinasab et al. [22] evaluated four procedures for fusing QPEs of different resolutions based on Fisher estimation and its conditional bias-penalized variant. They searched for a fusion algorithm that can be implemented as a postprocessor to the QPE operation in which multiple gridded QPE products are processed. Their approach was successful in improving the accuracy of high-resolution QPE. Kirstetter et al. [24] used WSR-88D radar data and rain gauge observations to develop a model that quantitatively describes the relationship between radar reflectivity and observed precipitation. They calculated the probability distributions of precipitation rates instead of the deterministic values. This approach reduced the uncertainty structure of radar quantitative precipitation estimation (QPE) at very fine spatiotemporal scales. Based on VPR-IE (vertical profile of reflectivity identification and enhancement) method, Wen et al. [25] obtained climatological VPRs for different seasons, rain types, and rain intensities from 11 years of Tropical Rainfall Measuring Mission (TRMM) Precipitation Radar (PR) data. When these climatological VPRs are used, the TRMM PR products are integrated into the ground-based rainfall estimation system in real time and the precipitation estimate can be significantly improved.
The -relation [26] [27] [28] remains one of the most widely used methods for quantitative precipitation estimation. According to the -relation formula, two different integration orders can be adopted to calculate cumulative precipitation. However, due to the nonlinear relationship between the variables, the results from two different integration orders are different. One approach is to first carry out the rainfall intensity conversion through the -relationship, then the rainfall intensity is integrated to obtain the total rainfall (termed the rainfall intensity integral). This is the most widely used method for quantitative precipitation estimation using the to conversion [26] [27] [28] . Another approach is to first obtain the distribution of the radar reflectivity factor, integrate the radar reflectivity factor, and finally convert the integral radar reflectivity factor to the precipitation intensity (termed the echo intensity integral). Based on theoretical analysis and simulation studies, we discuss the differences as well as the advantages and disadvantages of each method. The results will help improve the accuracy of precipitation estimation.
Fundamental Principles
The scattering of radar electromagnetic waves by precipitation particles is the basis for radar detection of precipitation. After radar sends out a signal, the information returned is closely related to the backscattering coefficient of precipitation particles. The weather radar measurement is the sum of the backscatter power of precipitation particles within the effective radiation volume. The echo intensity, denoted as dBZ, represents the magnitude of the echo power, and it is defined as dB = 10 lg ,
where (dB) is the radar reflectivity factor, and it is defined as
When the vertical airflow near the ground is ignored, the precipitation intensity, denoted as (mm/h), can be calculated from the following formula:
In this formula, is the diameter of raindrops, ( ) is the number of raindrops per unit volume, ( ) represents the number of particles per unit volume of the raindrops whose diameter ranges between and + , and ( ) and V( ) indicate the mass and the terminal falling velocity of raindrops with a diameter of , respectively.
The definitions of the radar reflectivity factor ( ) and precipitation intensity ( ) show that they have close relationships with the raindrop size distribution spectrum. The raindrop spectrum characteristics reflect the particle size and the corresponding particle number concentration. is proportional to the sixth power of the drop diameter ( ) and its number, so the reflectivity factor can be calculated by the raindrop spectrum data. Wu et al. studied raindrop influence of spectrum change on precipitation estimation and found that the echo intensity of radar observation is usually less than the echo intensity calculated from the Ground Raindrop spectrometer. The farther away from the ground, the greater the underestimation of radar echo [28] .
Because the raindrop size distribution varies with time and space, especially with different types of precipitation [29, 30] , the -relation can only be derived theoretically using several assumptions. The current widely usedrelation is = . Radar detection of convective cloud precipitation is characterized by strong reflectivity and a large horizontal reflectivity gradient. When radar is used to detect stratiform cloud precipitation, it is mainly characterized by a relatively weak reflectivity factor and a fairly small horizontal reflectivity gradient. For different precipitation types, the corresponding relation can be obtained from a statistical model with a large amount of raindrop distribution data as input [31] . For example, according to statistical analysis of United States summer convective precipitation, Mueller and Sims [32] found a quantitative relationship between the radar reflectivity factor and precipitation intensity . The to conversion derived by Gerrish and Hiser [33] used the average value of the coefficient and index to obtain a -model of convective precipitation: = 300
1.4 . Marshall and Palmer [34] deduced the stratiform precipitation -relationship using a classical exponential raindrop size distribution (M-P distribution): = 200 1.6 .
Using the change of radar echo intensity over time, we divided precipitation into stable and unstable precipitation components. If, during a set time period, the echo intensity does not change abruptly, there is no significant change in its maximum, and the waveform remains the same, then it is a stable precipitation. If, during a set time period, the echo intensity abruptly changes, there is a clear change in its maximum, and the waveform undulates; it is an unstable precipitation.
For the total amount of precipitation during a period of time ( ), two independent methods can be used to obtain the estimate. One method initially estimates the precipitation intensity ( ) based on the radar reflectivity factor ( ) obtained from the radar detection and then integrates the estimated precipitation intensity over the period for the total rainfall amount. It is the most widely used method for quantitative precipitation estimation using to conversion. Because it first estimates the instantaneous precipitation intensity and then integrates the total rainfall intensity according to the rainfall intensity, this method is called rain intensity integral, (RI), and the formula is shown as follows:
In this formula, and are the coefficient and index of to conversion ( = ), respectively. From formula (2), we see that the radar reflectivity factor ( ) is proportional to the sixth power of the drop diameter ( ), and the greatest contribution comes from large particles. The radar reflectivity factor contains information on the size and quantity of precipitation particles. The other method first obtains the distribution of radar reflectivity factor ( ) and then integrates the radar reflectivity factor ( ) over a period of time ( ). It then converts the integral radar reflectivity factor to the precipitation intensity. This method is termed the echo intensity integral (EI), and the formula is as follows:
There are two ways to calculate the total precipitation over a region (with radar detection units in the area) and these are similar to calculating the total rainfall amount over a period of time. ( ) represents the echo intensity of detection unit
Formulas (4)- (7) all indicate the relationships between cumulative rainfall and the radar reflectivity factor . In formulas (5) and (7), the echo intensity is first integrated to obtain raindrop spectrum distribution, and then the cumulative rainfall is calculated through the -relation. In formulas (4) and (6), the instantaneous rainfall intensity is first calculated according to the -relation, and then the rainfall intensity is integrated to obtain cumulative rainfall. Because the relationship between and is nonlinear, the results of the two methods are different when changes with time. The differences between the two methods for calculating the cumulative rainfall are discussed in the following.
Discussion of Different Integration Methods
After discretizing the integrals in formulas (4)- (7), we obtain two formulas to calculate the cumulative precipitation over a period of time ( ) and/or within a certain region (region ). These are shown in formulas (8) (discretizing calculation for the cumulative precipitation over a period of time ( interval) and/or within a certain region (region )).
Formulas (8) show that the cumulative precipitation calculated from the echo intensity integral method is larger than that calculated by the rainfall intensity integral method.
To analyze the characteristics of the difference ( 1 , 2 , 3 , . . . , ) between the two integration methods, we used three different functions to represent the variations of echo intensity. Specifically, the sinusoidal, linear, and the exponential functions are used to simulate echo intensity, and then the accumulative rainfalls for both stratiform and convective precipitation are calculated with these two methods 
in which ( 1 , 2 , 3 , . . . , ) is a function of .
Sinusoidal Variation.
To make accurate quantitative precipitation forecasts, the probability distribution of the precipitation must be considered. Previous studies have demonstrated that the summer rainfall in China generally exhibits a normal distribution [35] [36] [37] [38] . In this section, the temporal/spatial variation of the precipitation echo is represented by a sinusoidal function, and the echo intensity formula is as follows:
where represents the detection unit within a period/region (60 units in total); is a parameter used to control the speed of the sine wave; and its range is 0.02∼2. When is 0.1, 0.5, and 1, the variations of the echo intensity with are shown in Figure 1 . The figure shows that the curve is similar to the curve of normal distribution, and the variability of the echo intensity increased with a decreased . The total amounts of reflectivity collected by each experiment with different frequency are almost 50% of the rectangle area (outlined by maximum echo functions). According to formula (9), if = 2, the echo intensity curve is exactly a half sine wave; if > 2, the curve is only a portion of a half sine wave; if is very large, the curve is similar to a linear signal. The variations of cumulative rainfall from the two integration methods are shown in Figure 2 . The cumulative rainfall calculated using the echo intensity integral is always greater than that from the rainfall intensity integral. The changes of cumulative rainfall calculated from the two methods are consistent with the change of . As illustrated in Figure 2 , the cumulative stratiform rainfall (a) calculated by the echo intensity integral ranges from 17.5 to 20 mm, and the cumulative rainfall calculated via rain intensity integral ranges from 13 to 15 mm. For convective precipitation (b), the estimated cumulative rainfall from the echo intensity integral ranges from 19.8 to 22.5 mm, and the cumulative rainfall calculated via rain intensity integral ranges from 15.5 to 18 mm.
To compare the difference between the two integration methods, we used the normalized error, defined as RE (RE = (RI − EI)/(RI + EI)), to quantitatively represent the difference between the two integration methods. Figure 3 shows the variation of normalized error with for stratiform precipitation (a) and convective precipitation (b). The normalized error ranged from −0.138 to −0.5 and from −0.11 to −0.122, respectively.
The above analysis shows that if echo intensity varies as a sinusoidal wave, the difference between the two methods is not obviously related to frequency. The normalized error exhibited a small fluctuation that was smaller for convective precipitation than for stratiform precipitation.
Linear Variation.
If the temporal/spatial variation of the radar echo is simulated by a linear function, then the formula of the echo intensity is as follows:
In this formula, represents the detection unit (60 units total) within a period/region. The parameter controls the speed of the linear wave and it ranges from 0 to 30. Given = 30, = 20, and = 10, the variation of the echo intensity with the time and space is shown in Figure 4 . The echo intensity increases with time, and the variation rate of the echo intensity increases with .
The parameter indicates the variation rate of the input signal which reflects the stability of the precipitation process. A greater indicates a greater change of the echo intensity and a more unstable system. The variation of cumulative rainfall of these two integral methods with is shown in Figure 5 . Similar to sinusoidal wave simulation, the accumulative rainfall from echo intensity integral is always greater than that from the rainfall intensity integral. With an increase of , the linear amplification speed of echo intensity increases. As a result, the maximum value of the simulated echo also increases, which ultimately increases the total accumulated rainfall. According to Figure 5 , (1) if = 0, the simulated echo intensity is a constant (20 dBZ), and the accumulated rainfall from two integration methods are the same; (2) if = 30, the echo intensity changes from 20 dBZ to 50 dBZ, and the difference of the accumulated rainfall is greatest, which is 4.5 mm (stratiform) and 3.3 mm (convective), respectively.
Analysis of the variation of normalized error with for different precipitation types ( Figure 6 ) shows that the normalized error always increases with . For stratiform Advances in Meteorology precipitation, the normalized error ranges from 0 to −0.13, and for convective precipitation, the normalized error ranges from 0 to −0.11.
Therefore, if the echo intensity has linear variation, the normalized error between the two methods depends on the value of . If increases, the normalized error of the two methods also increases. The normalized error of the cumulative rainfall between these two integration methods is relatively smaller for convective precipitation than the error for stratiform precipitation.
Exponential Variation.
The temporal/spatial variation of the echo intensity is also simulated by the exponential function, and the formula is as follows:
where represents the detection unit within a period and a region and there are 60 units in total. The parameter controls the speed of the exponential variation and it ranges from 0 to 10. Given = 0.1, = 1, = 2, and = 10, the variation of the echo intensity with the time and space is shown in Figure 7 . According to Figure 7 , (1) if = 0.1, the change of echo intensity is initially rapid from 0 to 40 dBZ and then decreases from 40 to 50 dBZ; (2) if = 1, the echo intensity curve is similar to linear simulation; (3) if = 10, the change of echo intensity is generally opposite to the case when = 0.1. It changes slowly in the beginning and then rapidly increases from 0 to 50 dBZ after = 40.
Based on the characteristics of the exponential function, the variation of the echo intensity is not determined solely by . According to formula (11) and Figure 7 , it is clear that the echo intensity has abrupt changes. If there are fewer radar detection units, the abrupt changes occur when is small; if there are more radar detection units, the abrupt changes occur when is large.
The variations of cumulative rainfall with for these two methods are shown in Figure 8 . The results from both methods show a similar trend which is an abrupt decrease for 0 < < 1 followed by a smooth gradual decrease after > 1. The accumulative rainfall from the echo intensity integral is greater than that from the rainfall intensity integral. For < 1, the change of the echo intensity is abrupt with the decrease of . It increases from about 16 to more than 40 dBZ in a short time at the beginning and sustains for a long time, resulting in stronger echo intensity and more estimated accumulative precipitation. For > 1, the abrupt increase of the echo intensity does not occur until after a long interval with weak echo intensity, resulting in less estimated accumulative precipitation. As approaches 0, the echo intensity rapidly increases to 50 dBZ, and the cumulative stratiform precipitation and convective precipitation values are 48.6 mm and 63.4 mm, respectively (Figure 8 ). If is very large, the calculated cumulative rainfall is reduced and gradually decreases as decreases. As reaches infinity, the cumulative rainfall calculated by the echo intensity integral is 3.90 mm (stratiform) and 3.55 mm (convective), and the calculated accumulative rainfall from rainfall intensity integral is 1.45 (stratiform) and 1.50 mm (convective).
The variation of normalized error with ( Figure 9 ) indicates that the differences range from 0 to −0.35 for stratiform precipitation and 0 to −0.30 for convective precipitation. As approaches infinity, the differences approach −2.71 for stratiform precipitation and −2.29 for convective precipitation.
This analysis indicates that when the change of echo intensity is exponential, the normalized error between the two methods increases with and that the difference is smaller for convective precipitation than it is for stratiform precipitation.
Analysis with Actual Radar Observation
Based on the -relation for stratiform precipitation, the cumulative precipitation for a 24 hr period was calculated by both the echo intensity integral and the rainfall intensity integral. The radar observable data were taken from over the Huaihe River Basin on June 10, 2011. The ground station pluviometer data were from one hr of precipitation in the Huaihe River Basin on the same day. These data were used to verify the two integration schemes. The spatial distributions of the two integration schemes and the observation data are shown in Figures 10 and 11 , respectively. Figure 10 shows that there are two high intensity zones (bottom and mid portions of Figure 10 ). In comparison with a topographic map, the large value areas lie between the mountains and the river. The larger value is between Dabie Mountain and the Yangtze River, and the other value is between Funiu Mountain and the Yellow River (which is within the range of radar detection in Zhumadian). Figure 11 shows that there is only one high intensity zone (bottom of Figure 11) . A possible reason for this discrepancy is that there was a problem with the Zhumadian radar (a previous study found problems with the Zhumadian radar data).
The following is a statistical analysis of this case. The average accumulated rainfall calculated with the rainfall intensity integral and echo intensity integral was regarded as radar estimated rainfall. From the scatter density diagram of radar estimate precipitation (Figure 12(a) ) and the difference between the two integration methods, it is clear that as the estimated rainfall increased, the difference between the two estimates increases. From the scatter density diagram of site observation (Figure 12(b) ) and the difference between the two integration methods, we found that as observed rainfall increased, the difference between the two estimate approaches increases. The average difference between the Advances in Meteorology two methods was 3.367 mm, and the standard deviation was 5.663 mm.
Conclusions
The -relation method is widely used for quantitative precipitation estimation based on weather radar data. It establishes a statistical relationship between the radar reflectivity and the precipitation intensity. We introduced two methods associated with the -relation approach to calculate cumulative precipitation. The results demonstrated that cumulative precipitation calculated from the echo intensity integration method was greater than that calculated by the rainfall intensity integration method. The normalized error of the calculated cumulative precipitation from these two methods depends on the variation of the echo intensity. The difference is small if the echo intensity changes slightly and gradually, but large if the echo intensity changes frequently (multiple peaks) and abruptly. When the echo intensity is simulated with a sinusoidal wave, the difference is larger than that simulated with a linear function. This is because the frequency of echo intensity can reach the maximum multiple times for a sinusoidal wave simulation, while it can only reach the maximum once for a linear signal simulation. If the echo intensity is an exponential signal, despite its single peak aspect, the difference can still be large due to abrupt change of the echo intensity. When the echo intensity is simulated with a sinusoidal wave, the difference between the two methods is large, and the normalized error ranges from −0.15 to −0.138 and from −0.122 to −0.11 for two precipitation types. The variation of cumulative rainfall and normalized error with is always consistent.
When the echo intensity is simulated with a linear function, the normalized error increases with the parameter . The normalized error ranges from 0 to −0.13 for stratiform precipitation and from 0 to −0.11 for convective precipitation. When the echo intensity was simulated with an exponential function, the normalized error first increased rapidly and then slowed down and stabilized. The normalized error ranged from 0 to −0.35 for stratiform precipitation and from 0 to −0.30 for convective precipitation.
When the two integration schemes with real radar were used to estimate cumulative precipitation for a day, their spatial distributions were similar. He et al. (2004) showed that the -relation method can underestimate the precipitation of heavy rainfall events [37] . Wang et al. (2008) found the -relation method could overestimate the precipitation for weak rainfall events [38] . According to the simulation and observation data results, the cumulative precipitation from the echo intensity integral is greater than that from the rain intensity integral. The rain intensity integral usually underestimates the precipitation for heavy rainfall events, so application of the integral method of echo intensity can increase the estimated rainfall in the case of heavy precipitation and improve the estimate accuracy.
Time limit is a key issue discussed in this review. Based on the simulation results of the sinusoidal echo sequence, if the variation period of the radar echo intensity is more than one cycle, then the difference between the two kinds of cumulative rainfall appears to be irregular. The findings of this review are only relevant for rainfall accumulation within one change cycle of the precipitation system. The accumulated time should not exceed the life history of the precipitation system. For frequent summer precipitation events, the life histories of the systems are short and rainfall accumulates over several hours. For longer time scale systems, the precipitation is more stable and the life cycle may span several days.
